In this paper the physical meaning of a nonlinear partial differential equation (nPDE) of the fourth order relating to wave theory is deduced to the first time. The equation under consideration belongs to a class of less studied nPDEs and an explicit physical meaning is not known until now. This paper however bridges the gap between some known results and a concrete application concerning wave theory. We show how one can derive locally supercritical solitary waves as well as locally and nonlocally forced supercritical waves and analytical solutions are given explicitly.
Introduction -outline of the problem -some known results
The scaled nPDE e.g. (Huber, 2008a,b) in (1+1) dimension under consideration is given by: 
where the function In recent papers (Huber, 2005 (Huber, , 2008a , the tanh-approach was used to calculate soliton-solutions of the nPDE, eq.(1). Alternatively, new solutions can also found in (Huber, 2005 (Huber, , 2008a and (Huber, 2007) . It is known that there exist two different types of single soliton-solutions; regular solutions as well as irregular solutions which have singularities where the arguments of the traveling waves vanish.
Further, the author has proven the Painlevé-conjecture (Huber, 2008a) , so we conclude that the nPDE, eq.(1) possesses the Painlevé-property. It was shown that general solutions of eq.(1) are expressed in terms of elliptic functions by use of the Weierstrassian expansion method (Huber, 2008a) and moreover, the application of the classical Lie group formalism also leads to new types of solutions (Huber, 2008a) .
Although several solutions of eq.(1) exist no direct connection to a physical problems is known. Now, the purpose is to present a concrete application of physical relevance to the first time. We start by using a frame of reference introducing 
Supercritical solitary waves
Here we assume eq.(1.2) in the following general form with suitable boundary conditions (BC):
and the prime means derivation w.r.t the independent variable ξ .
) ( g ξ is a given function (the forcing) which is differentiable and has a compact support (i.e. it is nonzero only in a closedbounded set). Recall that Physical intuition tells that for a given β α , and ) ( g ξ the shape of the free surface is controlled by the upstream flow velocity, e.g. λ , (Benjamin, 1967; Benjamin and Feir, 1967 and (Camassa and Wu, 1991) . Therefore, it is of interest to study the solution behavior for different values of λ .
The forcing function
) ( g ξ is due to the bottom topography of a fluid domain or due to an external pressure on the free water surface. We shall see that there exist a number 0 > C λ so that eq.(1) has (i) at least two solutions for (Craik, 1985) and (Coles, 1965) .
Locally forced supercritical waves
In scaling processes, especially those of an ideal flow over a small bump, (Hammack and Segur, 1974; Gurtin, 1975; Grimshaw, 1987 ) the height σ of the bump is divided by H and the length of the bump base B should be divided by the horizontal length scale L. If the length is very short then B/L is very small since L is very large for long wave assumption. After scaling we regard the base length of the bump as zero.
But the area under the bump is not zero. It is known that Dirac's function possesses such a property. The forcing that has a very short base length is called the local forcing. So we consider for the nODE eq.(2): 
(2.2) By direct integration solution of eq.(2.1) connected by the BC (2.2) are given explicitly in terms of hyperbolic secant functions 
This condition can be rewritten by considering eq.(2.3) to give the expression
(2.5)
Eq.(2.5) holds for a nonzero P only if C is made, (2.6d) defines cusped solitary waves (Huber, 2008c) . The cusp is concave up
From the equations (2.6), (2.6a) and (2.6c) we can assume the following chain of relations:
, that means the cusp is concave up,
, that means the cusp is concave down.
(2.6e)
Otherwise from (2.6e) one can assume the relation: sign
Further from (2.6d) and (2.6e) which determines the free surface profile, we conclude that if That means that a surface suction ( 0 < P ) corresponds to a dent of the free surface and a surface pressure ( 0 > P ) correlates to a crest of the free surface. Remark: In the case of 
Non-locally forced supercritical waves
The non-local forcings are special classes and cannot be approximated by a delta function. In general, such problems have to be solved numerically (especially BVP and IVP). Referring to eq. (2) C cannot be chosen arbitrarily. It is known that 0 C can only take up some discrete values; the next step naturally is to determine these values (Whitham, 1974; Miles, 1986 ). Therefore we introduce a new quantity )
(2.9a)
Assuming a half solitary wave (e.g. 
C is an implicit function of λ which may be multiple valued. To derive 0 C we solve the IVP up to + ξ similarly to eq.(2): Finally we give some hints to relevant papers, especially relating to supercritical phenomena. These citations cover several applications in civil engineering and related domains:
Supercritical flow interaction occurring in the marine boundary layer between closely spaced coastal capes discusses (Haacks and Burk, 2001 ) and surface waves related with roughness is found in Toombes and Chanson (2007) . The case of supercritical flow at weirs is studied in (Ghodsian, 2003) ; a simulation of the supercritical flow by using the classical shallow water equations gives Krüger and Rütschmann (2006) as well as Tjernström and Grisogno (2000) . A general introduction is suggested in Subramania (1997).
Analysis, results and discussion
Before we discuss the main problem, eq.(2.1) let us start by computing some solutions of eq.(1.2). Introducing a new variable so that
we derive the following nODE of the first order:
This equation admits solutions expressed as These solutions can be regarded as a further new contribution to existing solutions. Both the Figure 2 and Figure 3 represent the contour graphics as well as mappings onto the complex plane, respectively. Two poles can be explicitly seen together with the distribution of the field lines around them (for simplicity we assume the constant 0 ξ to be vanishing and consider the plus sign). . In Table 1 we summarize the complete limiting behavior and Figure 5 represents characteristic curves in the phase plane.
Case
Choice of the parameters Let us now discuss the locally forced supercritical waves, especially eq.(2.1) with a small change so that we can consider
Therefore solving this problem given above is equivalent to solve the IVP:
So, the relating quantity
, eq.(2.9a) as a first integral together with the polynomial of the third order in our case admits: 
Summary
The present paper deals with an nPDE of the forth order. The crucial aspect however is the fact that up to now no direct physical application is known. We show to the first time the relation to wave propagation concerning supercritical waves by considering a special force term, the Dirac's delta function. By applying the procedure another remarkable result could derive: It is shown how that the nPDE under consideration admits new types of solutions in terms of Jacobian functions. The cases of locally and nonlocally forced supercritical waves (including solitary-like) are studied in detail. Some remarks relating the behavior in the phase plane are given. So the present paper is suitable to expand the knowledge of the nPDE under consideration. Finally, to clarify the analysis, some important graphic simulations are presented. 
